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Lecture 9 Vector Autoregression (VAR) techniques: motivation and applications. Estimation
procedure. IRF and motivations for SVAR.
9.a Defining a VAR, notation:
Vector autoregressive models can generally be defined as follows:
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where

Yt  ( y1t , y2t ,..., ykt ) is a vector k endogenous variables (k-variate VAR). These variables are thought
to be determined within the system. (Remember what you learnt during the lecture on simultaneous
equation models.) What we here define is that we have k equations, one for each endogenous
variable, δ is a vector of equation specific constants (so it is again a vector with k elements). What
makes the system autoregressive is that each endogenous variable is regressed on its own lagged
values plus the lagged values of all other endogenous variables ( Yt-i ). The lag length (p) determines
the order of the VAR.

Θ i is obviously a kxk matrix of coefficients. We can augment the equation by including exogenous
variables denoted by x. These variables now included in matrix X t . β is the coefficient vector of the
exogenous variables. ε t is a vector of k elements, denoting the residuals.
This is now a bit too difficult to see, so let us simplify this system to a two-variate case:
Then we have y1t and y2t as dependent variables.
The system, without exogenous variables, can be written as:
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You can write this in a polynomial form:

Θ( L)  Ik  Θ1  Θ2  ...  Θ p then:

Θ( L)Yt    βXt  εt , this is now an object that you can already treat similarly to the univariate
time series models:

Yt   Θ( L)     Θ( L)  βXt   Θ( L)  εt this is going to be an infinite order VMA (vector
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moving average) model.
The expected value of a VAR(p) is:
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Obviously, a finite expected value will require that Θ( L) is invertible, so there are stationarity
conditions here as well. The equations of the VAR system can be estimated with an OLS, since they
are ARDLX(p,p) type models, and the residual will be stationary. You do not have to estimate the
coefficients simultaneously, you can go by equations. Of course, since the residuals may be
correlated with each other, OLS is not guaranteed to be the best estimator (you can use a SUR
instead).
Obviously you have to make some choices when estimating a VAR. You need to decide which
variables are endogenous and which are exogenous. Since the right hand side of the equations will
contain only predetermined and exogenous variables, you do not need to worry about simultaneity
bias. You need to choose the order of the VAR system (p). This is done with information criteria, just
like you would do in the single equation case.
9.b. The idea behind a VAR
Until the 1970s macroeconometrics had used simultaneous equation systems that we already
covered earlier during this course. This required that one precisely determined the relationship
among variables, and also required that you had at least the key equations identified so that you can
estimate the coefficients. This approach has been criticized following the Lucas critique that raised
the problem that even the coefficients of such equation (behavioral parameters) may change over
time, so policy recommendations and forecasting from such systems may be misleading and invalid.
During the 1980s Sims suggested the VAR as an alternative solution. This theoretically treated the
economic system you were to estimate as a black box:
output
(endogenous
variables)

unknown process
(modelled as a VAR)

inputs (exogenous
variables and
shocks)

The main idea was that you do not precisely specify a system of equations but rather you use a very
general VAR system and you draw conclusions based on the reaction of the endogenous variables on
changes in exogenous factors. These are the impulse response functions.
Sims argued that using a VAR has obvious advantages, like: you need not to be very certain which of
your variables are exogenous and endogenous, it is “theory free” (now, it is disputable what this
means), and you need not to worry much about identification. (My personal view is that the last two
statements are simply false.)
But what is a VAR? So far VAR has been defined as a completely new type of model but this is
misleading: VAR is actually a set of reduced form equations form a system of simultaneous
equations. (This is the reason why it is better if you learn simultaneous equations methods first…)
Let us assume that we have two macroeconomic variables, say, real aggregate income (yt) and rate of
inflation (πt). We believe that these are in simultaneous relationship but have a degree of hysteresis
(so they can partly be explained by their past values).
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Of course, if you have some pre-knowledge, you see that both equations are exactly identified (if you
do not see this, please read the notes for lecture 8 again).
Let us derive the reduced form equations:
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So all VAR systems are already based on an assumed system of equations, which necessarily involves
some theoretical considerations and a set of assumptions. At most you are not aware of them, but
that will not make the method free of theory. This is one principal reason why VAR should not be
labeled “theory free”. You should be aware that 1t and 2t are correlated, since they both depend on
ut and vt.
The practical application of VAR is like follows: first you choose a proper VAR representation and you
draw conclusions on the relationship among the endogenous variables based on IRFs. The IRFs for y
are simply:
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an endogenous variable reacts on innovations in its own value (own error term) or on an innovation
in another endogenous variables (error term of another equation).
The problem of simultaneity and IRFs becomes apparent when you look at the values of the η’s. IRF is
only useful if the two etas can be subject to a shock independently. But how is it possible that only η1
experiences a shock if it is correlated with η2? Well, the answer is that it is not possible. So, unless
your endogenous variables are uncorrelated (so they are not simultaneously correlated…) you need
to tell how they are related. When you take account with the contemporaneous correlation structure
of your shocks, what you are doing is a Structural Vector Autoregression or SVAR. For a SVAR you
need to have some ideas (a theory) in order to explain the contemporaneous correlation structure of
your residuals. This is the second reason why you cannot call a VAR “theory free”.
9.c Basics of a SVAR
For thinking in terms of an SVAR we use the above example of real GDP and inflation.
you have the following primitive (or structural) form of the VAR system:
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This can be rewritten as:
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We can rearrange this as follows:
3

 11   yt   10   0
 1


   
1    t    20    21
   21

11   yt 1   ut 
 

0    t 1   vt 

The square matrix at the left-hand side contains the coefficients of the contemporary relationships
(this is often referred to as matrix A. You can arrive at the VAR (or reduced) form by taking the
inverse of this matrix A and premultiply both sides by it.
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Which will give you actually the same coefficients that we already had earlier (check it!).
So in general, all VAR can be written in a primitive and in a reduced form:
Primitive form:
p

AYt  α   Bi Yt i  ut
i 1

reduced form (which is the VAR):
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Obviously, unless matrix A is an identity matrix (having ones in the main diagonal and nulls
elsewhere), your residuals in the reduced form (your VAR) will be correlated. In the simplest case you
do not care about this, this is called the basic case of VAR. This is very useful if you wish to make
forecasts, but once you wish to know something the relation of your variables (and this is what you in
most cases want) the IRF will be misleading. So actually you need to know the elements of matrix A,
and when you do this, you are doing a Structural VAR. And SVAR involves a lot of theory. Using VAR
will not save you from having some ideas about the underlying structure of your data.

9.d A basic VAR
Let us get down to business! We have data for inflation (infl) and the log of real GDP (lny). We will
now estimate a two-variate VAR system.
First we need to choose the order of the system. For this purpose we estimate a simple VAR(2),
which is the default setting in Eviews:
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You could add exogenous variables as well, like seasonal dummies, additional dummies for policy
changes, trend or any other variables as your model requires. We do not do so for this exercise, but
feel free to experiment!
We have significant coefficients, high R-squared (do not be surprised, the log of real GDP is likely to
be non-stationary). Obviously, a good strategy would be to add lags as long as the information
criteria are falling. Fortunately, Eviews has a built-in process for this:
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You can see that the software puts a star to the lag-length that has been found to yield the lowest
information criterion (or prediction error) value. Most criteria suggest a VAR(4) model be the best,
except for the Schwarz, but this is not surprising, this criterion often suggest a more parsimonious
model than the rest. Since we have quarterly data, common sense also suggest that we should move
for a VAR(4).

It is worthwhile to test if the residuals fulfill the assumption of the classical linear model:

6

It seems that the residuals have no serial correlation at 1% level of significance, but are
heteroscedastic and in case of the second equation (inflation) they are also not normally distributed.
We can live with these, especially since we cannot do much about these (you could identify possible
breakpoints). If you find the residual exhibiting serial correlation you can experiment with adding
further lags.
Now, if you are interested in the relationship between the rate of inflation and the log level of real
GDP, you normally estimate an impulse-response function (IRF).
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You can determine the time horizon of the IRF, you can ask for CIRF. In the Impulse Definition table
you can tell Eviews what type of shocks you have in mind.
If you have good reason to believe that the residuals are uncorrelated (no contemporary relation
between the two endogenous variables or the matrix A is an identity matrix), you can go for a simple
one standard deviation innovation in the residuals. Of course, you can have a one unit shock as well,
but do not forget that increasing lny by one unit means a growth by a factor of 2.71, while in the case
of the rate of inflation it means one percentage point. So it seems a better idea to set the magnitude
of the shock to one standard deviation of the variable, which is about 0.49 for the log GDP and 3.4
percentage points for inflation.
If we ask for a horizon of 30 quarters (7.5 years) we obtain the following IRFs:
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The results tells us that in this case of a one-time shock of one std. deviation in log GDP the effect on
the log of GDP will not revert to zero even after 30 periods (it is non-stationary…), while it seems to
have a transitory positive effect on the rate of inflation. In case of a one-time shock in inflation, we
find that it has a negative, seemingly permanent effect on log GDP, and a transitory effect on itself.
9.e. Structural factorization
But are these results satisfactory? It depends on our beliefs about the underlying economic process.
Do you believe that real GDP does not affect inflation and vice versa in the same quarter? If the
answer is no, you need to have a structural factorization (that is, you need to tell how the matrix A
looks). From this point on, you are doing SVAR.
What are the possible solutions?
First, you can assume, that both inflation and GDP affect each other. Then your matrix A is:

 1
A
 a21

a12 
 this will cause a problem, however, since this means that you cannot separate the
1 

two residuals.
We already found out that the residuals ( e ) from the VAR system are going to be:

A1u  e from this you arrive at the following: u  Ae . You already know that in the primitive form

 u2

the residuals u were independent of each other, so E (uu)  

0

0
 .(this is the covariance
 v2 

matrix of u ). Let us not forget that you do not know u so here you have two unknowns. We also
know that the VAR residuals ( e ) can be correlated if A is not an identity matrix:
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obviously this will not be identifiable, since e1 and e2 are both unknown.
Now you need to take the covariance matrixes to identify the SVAR:
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Which leads to four equations:
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Due to symmetry the 2nd and 3rd equation are the same. You have now six unknowns
(c11,c12,c21,c22,  u2 ,  v2 ) and three equations so you cannot solve this. Of course, some restrictions are
straightforward: the main diagonal has only ones (this introduces two restrictions: c11= c22=1), so now
you have three equations for four unknowns. This is still not enough you need at least one restriction
yet.
Possible solution strategies:
1. Arguing that the two variables (log of GDP and rate of inflation) are nor contemporaneously
correlated. This is tantamount with setting A=I (c12= c21=0, c11= c22=1) then you have:

 e2   u2 ,  e e  0,  e e  0,  e2   v2 . Now you have two additional restrictions, yo you
1

1 2

2 1

2

overidentify your SVAR. This can be done, so this would lead to valid (but not necessarily
correct) results.
2. Arguing that changes in one variable can affect the other variable immediately, but not vice
versa. This is the lower triangular matrix approach, a.k.a., Cholesky factorization. If we

 1 0
 so
 a21 1 

assume that the first variable affects the second but not vice versa. Then A is: 

0
 1
2
2
2
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This also means that you argue that the a shock in the value of the first variable is completely
responsible for its measured variance, while observed variation in the second variable is a
linear combination of the shocks to both variables. That is, e2 depends on e1, while e1 does
not depend on e2. Now you have identified your SVAR exactly, as you introduced only a
single additional restriction.
3. Finally, you can have any theoretically based restriction as long as the SVAR is identified. In
this case you should add one restriction. If you had 3 endogenous variables, you needed to
have 3 restrictions on A besides setting the elements in the main diagonal to zero. The
general rule is to have k(k+1)/2 restrictions.
The Eviews has a bit different notation:

Aet  But where e t denotes you residuals from the VAR and u t are the shocks. We assume that

  u2 0 
1 0 
where E (uu)  
. Actually
  I . So matrix B is set in that was that: E (BB)  
2
0 1 
 0 v 
what we called u t earlier is now denoted as But . For the rest it is the same as before.
Let us apply this knowledge to our data! Structural factorization is done as follows. You can define
restrictions on A in two ways: by equations or by matrices.
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Now I show you the equation version (for the matrix version you need to define a matrix A and
another Matrix B, with NAs for the elements that you want to estimate).
@e denotes elements of the VAR residual vector, @u are the shocks (basically, the error terms from
the primitive form equations).
When you assume no contemporary relationship you would write:

@ e1  c(1)*@ u1
@ e2  c(2)*@ u 2
That is, the observed VAR residuals for each equation depend only on the shocks of their respective
errors.

The output that you receive shows you that the SVAR is now overidentified (you needed at least 1
restriction but we have two). Plus, you obtain the restrictions in equivalent matrix form (matrix A and
matrix B) as well.
Now you obtain the IRFs as follows:
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Not surprisingly this is exactly the same as before, without structural factorization, since this is the
baseline case.
You can assume that innovations in the log of GDP affect the innovation sin inflation but not vice
versa. This is written as:

@ e1  c(1)*@ u1
@ e2  c(2)*@ u 2  c(3)*@ e1
Now we get:
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The SVAR is now exactly identified, but we find the estimated element of the A matrix statistically
insignificant which suggests that our assumption regarding the contemporaneous correltion
structure may be wrong.

The IRFs are just a little bit different. You can have Cholesky-type factorization directly from your
response option, without the need to estimate a factorization like this. Do not forget, however, that
with this type of factorization the order of your variables counts. So you should have the “most
exogenous” variable first and so on.
9.f. Another example
Let us generalize what we learnt here to a more complex model.
We will estimate a system with log real gdp, log of M1, log of CPI and tbilrate. (You can guess that
this is now a standard money demand equation.) For lag length we obtain:
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Now we prefer a VAR system of order 6. Do not forget to look at the residual statistics! For the IRF
we obtain:

This is now under the assumption that the endogenous variables of our system are contemporarily
uncorrelated, so it is possible to have a shock in one of them without necessarily having a shock in
any other.
Let us think about the feasibility of this! We can indeed assume that the treasury bill rate is indeed
contemporary exogenous, since its value is set for 3 months. You can assume that lnCPI depends on
lnM1, the log of real GDP and lnCPI depends on interest rate.
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Of course a lot of other strategies are possible, but let us take this now. What we had just said about
the variables yields the following matrix A:

 1

a
A   21
 0

 0

0
1
a32
0

0 a14 

0 a24 
or written as equations:
1 0 

0 1 

We obtain:
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Since we used 8 restrictions (and we need at least 4*3/2=6), we overidentifed the system. We find
that only one of the expected correlations (between lnCPI and lnM1) is not significant, we could even
set it to zero. Feel free to experience further with reasonable restrictions!
The IRFs are:

You find just small differences compared to the baseline case, but now, for example, the reaction of
real GDP on a shock in treasury bill rate is different than in the first case.
9.g. Long-run restrictions
Restricting matrix A was about defining immediate of contemporary relationships. For this reason
this is called a short-run identification approach of SVARs. You can alternatively go for defining longrun relationships as well. Using the matrix A we could write a VAR(1) system in the following form:

Yt  A1δ  A1Θ1Yt-1  A1ut
In order to be able to say something about the IRFs, you need to convert this to an VMA(∞) form:

( I  A1Θ1 L)Yt  A1δ  A1ut  Yt  ( I  A1Θ1 L)1 A1δ  ( I  A1Θ1 L)1 A1ut
So:

et  ( I  A1Θ1 L)1 A1ut  A1ut  1 A1ut 1  2 A1ut 2  ...
Let Ψ  

1
et
e
et
 t 
 ...   I  A 1Θ1  which is the accumulated IRF or CIRF. This says us
ut ut-1 ut- 2

to how much the effect of a shock in the residual is going to sum up in the long-run. Or alternatively,
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this is the long-run effect of a permanent increase in one of the endogenous variables. We call this
matrix that has the long-run effect C.

C  Ψ A-1 , matrix C will be a kxk matrix with each element having the long-run impact of shock in
variable j on variable i.
Let us returns to our log GDP inflation example, where k=2.
If we believe that inflation should have no effect on the log of real GDP in the long-run (classical
dichotomy) than you should use a long-run restriction matrix like this:

 NA NA 
C
 remember, by setting an element of a matrix to NA in Eviews, you ask the software
 0 NA 
to estimate the value of that element. So here you make a single restriction. First, define a new
matrix called lr (you cannot use C as a name of a new object since it is preserved for constant):

Now you can use it for identifying the VAR:

We obtain the following solution:
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Comparing these results with the baseline case you will find a major difference! Higher rate of
inflation will in the short-run contribute to a higher real GDP but this effect wears out (this is what
we forced on our data by the long run restrictions). Shock in real GDP also leads to a positive surge in
inflation rate and this is also transitory.
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Feel free to play with different restrictions. Using long-run restrictions can be very useful, because
sometimes we can be unsure about the contemporaneous correlation structure of the data, while we
can be quite sure about long-run responses (classical dichotomy was a quite certain point of
departure in this example).
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