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Lecture 5a Testing for structural consistency
5.a.a. Structural break
Normally we have an important assumption regarding our model: we require the parameters be
stable in the sample. This means the constancy of the parameters.

yt  0  1 xt  ut for all t=1,2,…,t
Let us see a case when it is not true:
Greene (2003) uses the relationship between gasoline price (PG) and total gasoline consumption in
the USA (G) as an example of this problem:
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Now, you can see that the coefficient stability condition is not fulfilled: the structural parameter β1 is
unstable. The consequences of structural break are numerous:
1. First, since you have misspecified your model your estimate will be biased. In this particular
case, for example, you would be most likely to underestimate the own-price elasticity of
gasoline consumption for the pre-break period and overestimate it afterwards.
2. Since your model is incorrect it will not fit the model well, so your regression is going to have
larger residual variance, causing your standard errors to increase: this may lead to erroneous
outcomes of hypothesis tests.
Let us take an example for this latter:
In Table 5_1 of Green we test for a unit root in the level of the log of real GDP:
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Now, let us assume that we have reason to think that there was structural break around the first
quarter of 1966. Would incorporating this knowledge alter our results?

The results from the KPSS test are now different and we may believe that the log of real GDP was
trend stationary after all.
5.a.b What to do about it?
Let us take now the simple case: you know where your structural break is. Then you have two
options.
1. You use sub-samples of your data: this is exactly what we did in case of the log real GDP of
the USA: we rerun the test on the subsample between 1966Q1 to 2000Q4. The obvious
drawback is that thereby you reduce the available number of observations, and this is what
you normally do not want.
2. You modify your specification so that it directly capture the structural break. For this you
should know what triggers the break. In the simplest case, some external factor causes a
change in the structure of the economic phenomenon at a discrete point in time. In this case
would simply use dummy and interaction variables. So:

yt  0  1 xt  2 Dtbreak  3  xt Dtbreak   ut where Dtbreak is a dummy taking unit value

from the period when the break starts and zero otherwise.
In the more difficult case it is a value of x which triggers the break. This can be handled in a
very simple and a more difficult way as well, but we know restrict ourselves to the simpler
one. Our adapted specification is:
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yt  0  1 xt  2  I ( xt  c)  3  xt  I  xt  c    ut where I(x≥c) is an indicator variable
(a dummy) which takes unit value if in period t x is larger or equal to c. Parameter c is the
threshold value. Now, of course, you either know c or not. In the latter case you should
estimate it somehow. One was could be to try several values of c and search for the one
which minimizes the residual sum of squared.
Let us see the above solutions for the problem of gasoline consumption:

Now we have a historical knowledge that the break point was in 1973. So we modify our
specification:

Now you can see that improving your specification not only led to a better fit, but also it solved some
of the first-order autocorrelation problem (do not be surprised: autocorrelated residuals signify a
misspecification). What it did not solve however is the problem of simultaneity, but that is not our
concern for now.
If you were improving your model by, say, including the log of per capita disposable income, in real
terms, you would obtain even better estimates:
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The message is that before 1973 total gasoline consumption grew together with prices while
afterwards the relationship became negative: 0.644-0.790=-0.146. You can even use a Wald test to
look if this coefficient indeed significant is:

Indeed, it is.
5.a.c How to test for structural break?
The method for testing depends on your knowledge about the break.
Let us know assume that you know when the break happened. In this case you can use a Chow-test.
The original Chow test is an F-test and is based on the same idea as any F-test in regression analysis:
it is going to compare sum of squared residuals.
the original Chow-test:
The idea is simple. Let us run a regression on the whole sample:
T

yt  0  1 xt  ut from which the sum of squared residual is: SSRT   ut2 .
t 0

Now let us split our sample around the break point (tb) and estimate the same specification on both
halfs:
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T

t 0

t tb

y1t  10  11 x1t  u1t SSR1   u12t and y2t  20  21 x2t  u2t SSR2   u22t
The null-hypothesis of the test is that: 10   20 and 11   21 . This implies that it would be
indifferent for the goodness of the model if we were estimating the relationship on the two subsamples or on the whole sample.
If this is true then SSRT  SST1  SST2 .
The test statistics is:

 SSRT  (SST1  SST2 )  / k
( SST1  SST2 ) /  n1  n2  2k 

F (k , n1  n2  2k )

where n1 and n2 are the length of the two subsamples and k is the number of parameters, which is
now 2.
the simplfied Chow-test:
You just run the regression like we did in the previous example.

yt  0  1 xt  2 Dtbreak  3  xt Dtbreak   ut where the null-hypothesis is that 2  3  0 . The two

tests are equivalent.
Let us see an example for the problem with gasoline consumption and prices:

Theoretically, the test above can be applied to multiple break points.
Now we take the case when you do not know the breakpoint:
Quandt-Andrews test:
The idea is simple: Let us run a Chow test for all possible breakpoints, and choose the one where the
test statistics is the highest (that is, the break is the most likely to have occurred).
But of course you cannot start with observation one, since your first sub-sample would not have
enough observations. So, instead you have to leave a certain share of your observations at the start
and the end of your sample untested. This “trimming” parameter is set to 5-15% of your sample size.
Let us look at this test in practice:
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Now, you find that the breakpoint is the most likely to have been in 1972, which nicely coincides with
our guess.
the CUSUM test:
This method is based on recursive residuals from recursive regressions. The basic idea is that if the
your parameters does not change over time, then using your model estimated on the first t number
of periods should be able to forecast your y in t+1 without a systematic bias.
Let us define the following recursive regression:

yt  0t  1t xt  ut , where  0t and 1t are the coefficients estimated from the regression on the
sample 1,…,t. Now the recursive forecast is:

ft 1  0t  1t xt 1 or ft  0t 1  1t 1xt . Obviously the recursive residual for period t is:
wt  ft  yt . Of course, we again cannot start with observation 1 since we also need to have a
minimum number of observations for the first regression. So we start at observation K.
Now we actually assume that E ( wt ) 

T
1
 wt  0 .
T  K  1 t K

The test statistics is the following:
T

wt
1 T
, where ˆ t2 
  wt  E (wt ) 
ˆt
T  K t K
t K 

CUSUM (t )  

The CUSUM test has critical values depending on t, so you should look for possible points where its
test statistics crosses the boundary of critical values either upward or downward (systematic under
or overestimation…).
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